Abstract. A graph is called intrinsically knotted if every embedding of the graph contains a knotted cycle. Johnson, Kidwell and Michael showed that intrinsically knotted graphs have at least 21 edges. Recently Lee, Kim, Lee and Oh, and, independently, Barsotti and Mattman, showed that K7 and the 13 graphs obtained from K7 by ∇Y moves are the only intrinsically knotted graphs with 21 edges.
Introduction
Throughout the paper we will take an embedded graph to mean a graph embedded in R 3 . We call a graph G intrinsically knotted if every embedding of the graph contains a non-trivially knotted cycle. Conway and Gordon [3] showed that K 7 , the complete graph with seven vertices, is an intrinsically knotted graph. Foisy [5] showed that K 3,3,1,1 is also intrinsically knotted. A graph H is a minor of another graph G if it can be obtained from G by contracting or deleting some edges. If a graph G is intrinsically knotted and has no proper minor that is intrinsically knotted, G is said to be minor minimal intrinsically knotted. Robertson and Seymour [14] proved that there are only finitely many minor minimal intrinsically knotted graphs, but finding the complete set is still an open problem. A ∇Y move is an exchange operation on a graph that removes all edges of a triangle abc and then adds a new vertex v and three new edges va, vb and vc. Its reverse operation is called a Y ∇ move as follows:
Since a ∇Y move preserves intrinsic knottedness [12] , we will concentrate on triangle-free graphs in this paper. It is known [3, 5, 10, 12] that K 7 and the 13 graphs obtained from K 7 by ∇Y moves, and K 3,3,1,1 and the 25 graphs obtained from K 3,3,1,1 by ∇Y moves are minor minimal intrinsically knotted.
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Johnson, Kidwell and Michael [8] showed that intrinsically knotted graphs have at least 21 edges. Recently two groups, working independently, showed that K 7 and the 13 graphs obtained from K 7 by ∇Y moves are the only intrinsically knotted graphs with 21 edges. This gives us the complete set of 14 minor minimal intrinsically knotted graphs with 21 edges. Lee, Kim, Lee and Oh [11] proceeded by showing that the only triangle-free intrinsically knotted graphs with 21 edges are H 12 and C 14 . Barsotti and Mattman [1] relied on connections with 2-apex graphs.
We say that a graph is intrinsically knotted or completely 3-linked if every embedding of the graph into the 3-sphere contains a nontrivial knot or a 3-component link each of whose 2-component sublinks is nonsplittable. Hanaki, Nikkuni, Taniyama and Yamazaki [7] constructed 20 graphs derived from H 12 and C 14 by Y ∇ moves as in Figure 1 , and they showed that these graphs are minor minimal intrinsically knotted or completely 3-linked graphs. Furthermore they showed that the six graphs N 9 , N 10 , N 11 , N ′ 10 , N ′ 11 and N ′ 12 are not intrinsically knotted. This has also been shown by Goldberg, Mattman and Naimi independently [6] .
We say two graphs G and G ′ are cousins of each other if G ′ is obtained from G by a finite sequence of ∇Y and Y ∇ moves. The set of all cousins of G is called the G family. The K 3,3,1,1 family consists of 58 graphs, of which 26 graphs were previously known to be minor minimal intrinsically knotted. In [6] they showed that the remaining 32 graphs are also minor minimal intrinsically knotted. As in Figure 2 the graph E 9 + e is obtained from N 9 by adding the new edge e. The E 9 + e family consists of 110 graphs. They also showed that all of these graphs are intrinsically knotted, and exactly 33 of them are minor minimal intrinsically knotted.
By combining the K 3,3,1,1 family and the E 9 + e family, all 168 graphs were already known to be intrinsically knotted graphs with 22 edges, and 14 graphs among them are triangle-free. These triangle-free intrinsically knotted 14 graphs are the four cousins 29, 31, 42 and 53 in the K 3,3,1,1 family and the ten cousins 43, 56, 87, 89, 94, 97, 99, 105, 109 and 110 in the E 9 + e family. Especially, only the two cousins, 94 and 110, of the E 9 + e family drawn in Figure 3 have at least two vertices with degree 5 or more. Indeed if we contract the edges l 1 and l 2 of the cousins 94 and 110, we get the minor minimal intrinsically knotted graphs H 11 and H 9 of the K 7 family, respectively.
We introduce a previously unknown graph M 11 , shown in Figure 4 , that is a triangle-free intrinsically knotted (but not minor minimal) graph with 22 edges having four vertices with degree 5. Note that M 11 does not appear in the K 3,3,1,1 family or the E 9 + e family. Indeed if we contract the edge l 3 , we get the minor minimal intrinsically knotted graph H 10 of the K 7 family. The goal of this research is to determine the number of intrinsically knotted graphs with 22 edges. We reach half the destination. In this paper we find all triangle-free intrinsically knotted graphs with 22 edges that have at least two vertices with degree 5 or a vertex with degree larger than 5. Theorem 1. There are exactly three triangle-free intrinsically knotted graphs with 22 edges having at least two vertices with degree 5, the two cousins 94 and 110 of the E 9 + e family, and a previously unknown graph named M 11 . These graphs are shown in Figure 3 and Figure 4 .
Furthermore, there is no triangle-free intrinsically knotted graph with 22 edges that has a vertex with degree 6 or more. The remaining sections of the paper are devoted to the proof of Theorem 1. This paper relies on the technical machinery developed in [11] . In Section 2, we review this material. Henceforth, a denotes a vertex of maximal degree in G. The proof is divided into three parts according to the degree of a. In Section 3, we show that any graph G with deg(a) ≥ 6 cannot be trianglefree intrinsically knotted. In Section 4, we show that the only trianglefree intrinsically knotted graphs with two vertices a and b of degree 5 with distance at least 2 are cousin 110 of the E 9 + e family and the graph M 11 . In Section 5, we show that the only triangle-free intrinsically knotted graph with two vertices a and b of degree 5 with distance 1 is cousin 94 of the E 9 + e family.
Terminology
Henceforth, let G = (V, E) denote a triangle-free graph with 22 edges. Here V and E denote the sets of vertices and edges of G respectively. For any two distinct vertices a and b, let G a,b = ( V a,b , E a,b ) denote the graph obtained from G by deleting two vertices a and b, and then contracting edges adjacent to vertices of degree 1 or 2, one by one repeatedly, until no vertices of degree 1 or 2 remain. Removing vertices means deleting interiors of all edges adjacent to these vertices and remaining isolated vertices. The distance, denoted by dist(a, b), between a and b is the number of edges in the shortest path connecting them. The degree of a is denoted by deg(a). To count the number of edges of G a,b , we have some notation.
• E(a) is the set of edges that are adjacent to a.
and V 4 (a, b) has degree 2. Therefore to derive G a,b all edges adjacent to a, b and V 3 (a, b) are deleted from G, followed by contracting one of the remaining two edges adjacent to each vertex of Figure 5 (a). Thus we have the following equation counting the number of edges of G a,b which is called the count equation;
Provided that a and b are adjacent vertices (i.e. dist(a, b) = 1), V 3 (a, b), V 4 (a, b) and V Y (a, b) are all empty sets because G is triangle-free. Note that the derivation of G a,b must be handled slightly differently when there is a vertex c in V such that more than one vertex of V (c) is contained in V 3 (a, b) as in Figure 5 (b). In this case we usually delete or contract more edges even though c is not in V Y (a, b).
The following proposition, which was mentioned in [11] , gives an important condition for a graph not to be intrinsically knotted. Note that K 3,3 is a triangle-free graph and every vertex has degree 3. Proposition 2. If G a,b satisfies one of the following two conditions, then G is not intrinsically knotted.
(
is either a planar graph or homeomorphic to K 3,3 . It is known that if G a,b is planar, then G is not intrinsically knotted [2, 13] .
Since the intrinsically knotted graphs with 21 edges are known, it is sufficient to consider simple and connected graphs having no vertex of degree (a) (b)
1 or 2. Our process is to construct all possible such triangle-free graphs G with 22 edges, delete two suitable vertices a and b of G, and then count the number of edges of G a,b . If G a,b has 9 edges or less and is not homeomorphic to K 3,3 , then we can use Proposition 2 to show that G is not intrinsically knotted.
We introduce more notation. Let H be a connected subgraph of G. Let E(H) denote the set of all edges of G \ H, and V (H) denote the set of all vertices of G that are not a vertex of H with degree more than 1.
We will use e i and v j without referring to H, and sometimes we call e i an extra edge. To visualize G, we basically proceed through the following steps. First choose a proper subgraph H of G. Draw E(H) apart from H as in Figure 6 
Case of deg(a) ≥ 6
Recall that G is a triangle-free graph with 22 edges, every vertex has degree at least 3 and a has the maximal degree among all vertices. In this section we will show that for some b ∈ V , | E a,b | ≤ 8. Then as a conclusion G is not intrinsically knotted by Proposition 2. Obviously deg(a) < 8 because, otherwise, G would have at least 24 edges.
If deg(a) = 7, then |V 3 (a)| ≥ 6 by the same reason as above. Let b be any vertex in V (a). Then N E(a, b) ≥ 9 and |V 3 (a) \ {b}| ≥ 5. Note that
Now assume that deg(a) = 6. Since G has 22 edges, |V 3 (a)| ≥ 2. Assume that |V 3 (a)| ≥ 4. Let c be any vertex in V 3 (a). Choose a vertex b that has the (a) (b) In this section we will consider the case that there are two vertices a and b of degree 5 with distance at least 2.
From now on we assume that dist(a, b) = 2. Let H be a subgraph of G which consists of the edges of E(V (a) ∪ {b}) and the associated vertices. Before dividing into several cases, we give some notation: Figure 8 . Furthermore we will write x = {x 1 , · · · , x |x| }, u a = {u a 1 , · · · , u a |u a | } and similarly for the others. By abuse of notation, we will use the same notation for a set and its size. For example, x will also mean |x|. Obviously we may assume that u a ≤ u b .
Figure 8. Notations for subgraph H
By counting the number of edges of H, 10+x+2(y +u a )+3(z +w a ) ≤ 22. Since |V (a)| = 5, x + y + z + u a + w a = 5. Thus we have the following inequality;
If x + y + u a ≤ 1, then z + w a ≥ 4 which does not agree with the inequality above. If x+y+u a ≥ 4, then | E a,b | ≤ 8. Thus we consider only x+y+u a = 2 or 3. Now we divide into six cases as follows. If x + y + u a = 2, we divide into the two cases where x = 1 and 2. We can ignore the case of x = 0 because of the inequality. If x + y + u a = 3, we have four cases: x = 0, 1, 2 or 3. Indeed, in the case of x + y + u a = 3, | E a,b | ≤ 9. Furthermore we may assume that
Cousin 110 of the E 9 + e family appears in this case. Note that |H| = 22 and there is no extra edge. Suppose that z = 0 so that w a = 3. If u a = 0, then y = 1. Recall that x 1 and y 1 are the unique elements of the sets x and y respectively. Since |[V (H)]| = 15, the associated 15 edges are adjacent to vertices of V (H). Among these 15 edges, two edges of E(y 1 ) and three edges of E(b) must be adjacent to different vertices because G is trianglefree. So V (H) has at least 5 vertices, and we get [V (H)] = [3, 3, 3, 3, 3] . 
Finally suppose that z = 3 so that w a = 0. Recall that z = {z 1 , z 2 , z 3 }. has a bigon containing two vertices a and v 2 , it is not homeomorphic to K 3, 3 .
Suppose that z = 1. Then |[V (H)]| = 14 or 15 depending on the existence of an extra edge. Thus V (H) has five vertices all of degree 3 or else fewer than five vertices. In either case three edges of E(z) and two edges of E(b) must be adjacent to different vertices of V (H). Thus | E b,z | ≤ 6 or it is impossible to construct G. Figure 9(b) . Since G is triangle-free, only e 1 and one edge of E(w a 1 ) can be adjacent to v 1 . Let v 2 be the other endpoint of e 1 . Thus we get [V (H)] = [5, 3, 3, 3] or [4, 4, 3, 3] . This implies that two edges of E(w a 1 ) are adjacent to v 3 and v 4 , and three edges of each E(z i ) are adjacent to v 2 , v 3 and v 4 . Since at least two vertices of V (H) have degree 3, N V 3 (b, z 1 ) ≥ 4 so that | E b,z 1 | ≤ 9. Since G b,z 1 has vertex a with degree 4, it is not homeomorphic to K 3,3 .
(a) (b) Figure 9 . Case of x + y + u a = 2 with x = 2
Suppose that z = 3. Then |H| = 21 so that there is an extra edge e 1 and |[V (H)]| = 13. Since two edges of E(z 1 ) cannot simultaneously be adjacent to the endpoints of e 1 , V (H) needs four vertices and so [V (H)] = [4, 3, 3, 3] . Since N V 3 (a, z 1 ) ≥ 4, | E a,z 1 | ≤ 9. Since G a,z 1 has vertex b with degree 4, it is not homeomorphic to K 3,3 .
4.3.
Case of x + y + u a = 3 with x = 0.
Recall that x = 0, y = 3, u a = u b = 0 (as mentioned before Case 4. , b) is empty, one edge of E(x 1 ) is adjacent to v 1 . Now the third edge of each E(v i ), i = 2, 3, is adjacent to a vertex of set y, otherwise | E z 1 ,z 2 | ≤ 9 and G z 1 ,z 2 has a vertex y 1 or y 2 with degree 4. Thus we have the graph of Figure 10 Figure 11 (b). Two edges of each E(z i ) must be adjacent to v 1 and v 2 respectively. The remaining two edges of E(z 1 ) and E(z 2 ) are adjacent to one vertex, say v 3 , otherwise N V 3 (z 1 , z 2 ) = 2 and |V 4 (z 1 , z 2 )| = 2, yielding | E z 1 ,z 2 | ≤ 8. Furthermore V Y (z 1 , z 2 ) must be empty, so the remaining edge of E(v 3 ) is adjacent to y 1 . Also V Y (a, b) must be empty, so one edge of each E(x j ) is adjacent to v 1 or v 2 . Combining all these conditions, we get the graph M 11 which is the same graph as in Figure 10 (b) with {a, b} and {z 1 , z 2 } exchanged.
4.6. Case of x + y + u a = 3 with x = 3.
In this case x = 3, y = u a = u b = 0, | E a,b | ≤ 9 and possibly there are three extra edges e 1 , e 2 and e 3 . First suppose that all three edges each of which is from E(x i ), i = 1, 2, 3, are adjacent to one vertex c which is neither a nor b. This means that V (c) contains [5, 4, 4, 4] , [5, 3, 3, 3, 3] or [4, 4, 3, 3, 3] . Since In this section we will consider the case that there are exactly two vertices a and b of degree 5 and their distance is 1. So all the other vertices have degree 3 or 4. We may assume that |V 3 (a)| ≥ |V 3 (b)|. Let H be a subgraph of G which consists of the edges of E(V (a)∪{b}) and the associated vertices. Now we divide into five cases according to the number of vertices of V 3 (a). [4, 4, 4, 3, 3] or [3, 3, 3, 3, 3, 3] . Both cases are impossible because the set V (b) has four vertices of degree 4 in V (H). [4, 4, 4, 4, 3] or [4, 3, 3, 3, 3, 3] . The latter case is impossible because V (b) has three or four vertices of degree 4. In the former case, only v 5 has degree 3. [4, 4, 4, 3, 3, 3] or [3, 3, 3, 3, 3, 3, 3] . Here the latter case is impossible because V 3 (b) has at most one vertex. 
